The model describing interaction between two-level atoms and a single mode field in an optical cavity enclosed by a medium with Kerr nonlinearity is considered in our paper. We study the model within the framework of the analytical solution obtained by application of the quantum inverse method (QIM). The dynamic correlation functions are calculated and transition elements of photons are represented in the determinant form. The obtained answers depend on the solutions of Bethe equations. We provide the numerical solutions of these equations for the different parameters of the model and study the behaviour of certain dynamical correlation functions.
Introduction
The exactly solvable models of quantum nonlinear optics [1] [2] [3] [4] [5] [6] allow to study the behaviour of strongly correlated systems in ways that otherwise would be impossible.
One of the most fundamental exactly solvable for its eigenstates and eigenvalues models in cavity quantum electrodynamics is the Jaynes-Cummings (JC) model [7] . It describes the interaction of the single mode of a cavity field with the two-level atom. In spite of its simplicity the model exhibits many nonclassical features caused by its intrinsic nonlinearity, such as, for example, collapses and revivals of the atomic inversion [8] [9] [10] [11] .
JC model has been thoroughly studied both theoretically [12] and experimentally [13] . The fiftieth anniversary of this model was recently noted [14] . Due to the progress of circuit quantum electrodynamics [15] JC model has again attracted physicists's attention [16] . Many interesting applications of JC model concerned with its generalizations go far beyond its original concept. Natural generalization of the JC model is to consider an ensemble of N noninteracting two-level atoms coupled to a single mode of a cavity field. The model describing such ensemble is known as the Tavis-Cummings (TC) model. It was solved by Tavis and Cummings [17] at exact resonance, and by Hepp and Lieb for finite detuning [18] . TC model may also be expanded in many other ways. For example, one can consider an array of coupled cavities, so-called Jaynes-Cummings-Hubbard model [19] , or abandon the rotating wave approximation [20] .
Lately the models that include either a nonideal cavity or a dynamical Stark shift have again attracted attention [21] [22] [23] [24] . Nonlinear effects in cavities can provide new tools in quantum state engeneering [25] [26] [27] . If the cavity is not ideal an effective Hamiltonian can be derived [28] [29] [30] , which adds a fourth-order term in the boson operators to the simple TC Hamiltonian. We the consider integrable case of such model -Integrable Generalized Tavis-Cummings (IGTC) model.
The presence of Kerr-like medium changes the behaviour of the system significantly. For example, it crucially changes the Rabi oscillations in JC model [29, 30] . Kerr-type systems can also be applied to the description of the nonlinear oscillators [33, 34] and Bose-Hubbard dimers [35] [36] [37] .
The TC model belongs to a class of integrable models known as GaudinRichardson systems [38, 39] . The IGTC model belongs to a different set of integrable models connected with the so called XXX rational R-matrix. It was solved exactly in [40] by the Quantum Inverse Method (QIM) [41] [42] [43] . The QIM allows us to obtain the exact expressions for the energy spectrum of the model and it's dynamical correlation functions. In this work we show that by using the so-called determinant representation [44] it becomes possible to obtain some manageable expressions for correlation functions.
In the QIM approach it is considered that the model is solved if the analytical expression for the eigenenergies, eigenvectors and correlation functions are expressed through the solutions of Bethe equations. The Bethe equations being a set of coupled nonlinear algebraic equations depend on the model under consideration. Because of it's nonlinearity Bethe equations are not easy to solve neither analytically nor even numerically. Nowadays several approaches to this problem have been developed, for example [45] , which were successfully applied to the investigation of the Bethe equations of the Goden and Richardson models [46] . For XXX Heisenberg chain with spin- 1 2 another technique was developed -the theory of deformed strings (for its extensive review see [47] ). In this paper we present some exact numerical solutions of the Bethe equations for the IGTC model in the TC limit.
The paper is organized in the following way. In the second section we provide the description of the IGTC model as a generalization of the TC model. In the third section we discuss in details the application of the QIM to the model. We present the Bethe equations, the eigenvectors and find the spectrum of the model. In the forth section the analytical expression for the dynamical correlation functions are obtained and presented in determinant form. In the fifth one the numerical analysis of the Bethe equations and correlation functions is presented in details. In the Appendix we provide a number of explicit examples of the solutions of the Bethe equations and present the numerical values of all the quantities we need in the calculation.
Integrable Generaized Tavis-Cummings model
As the starting point we consider an ensemble of N two-level non interacting atoms of one sort in the cavity. We assume that only one mode of the cavity field has to be taken into account, whereas the other ones are suppressed. Each atom has ground |ψ 
where ω and ω 0 are frequencies of the cavity mode and the atomic system, g is the cavity-atom coupling constant. a and a † are the usual annihilation and creation operators for the cavity field, which satisfy usual commutation relations [a, a † ] = 1. We also introduced the collective N-atom Dicke operators S ± , S z (spin operators for which total spin S N/2) as:
where (σ x ± iσ y ), and σ 
of the su(2) algebra. In the Hamiltonian (1) the first term describes single quantized mode of the cavity field, the second one describes the atomic inversion of the whole system, and the first term of the interaction part describes an atomic transition from the excited state to the ground state accompanied by the emission of a photon, whereas the second one describes the reverse process. The number of excitations M and the Casimir operator S 2 :
are two nontrivial constants of motion
In this paper we shall consider the exactly solvable extension of the TC model that describes the system in complex environment and takes into account the spin-spin interaction. The Hamiltonian for the IGTC model can be written in the form [40] :
Here fourth-order term in the boson operators describes a Kerr-like medium, whereas (S z ) 2 describes the spin-spin coupling. When γ = 0, H K reduces to the TC model (1) and this becomes the JC model [7] for N = 1 (S = 1 2 ).
, (S z ) 2 = 1 and H K with γ = 0 is the JC model with Kerr nonlinearity [31] .
It's easy to verify that operator M commutes with the Hamiltonian
We can then write
where c = −2g −1 γ is a new effective coupling constant and ∆ = g −1 (γ + ω 0 − ω) is the frequency shifted detuning. Note, that the last term on the right-hand side of (8) causes photon number dependent changes in the atomic transitions and describes therefore a Stark shift. Henceforth, we shall consider H, but the same results can immediately be extended to the model with Kerr nonlinearity, Hamiltonian (7), through the mapping given above.
The determinant representation of correlation functions
To apply QIM to the solution of the model we consider the two 2 × 2 matrix operators L B (λ), L S (λ) for bosons and spins respectively [40] :
in which λ is a complex number. Note that the elements of L B (λ) and L S (λ) mutually commute. For the monodromy matrix of the QIM T (λ) we can now set
so that
and
We also have
Multiplying L-operators in another than in (11) order we obtain the following expression for the monodromy matrix
The entries of this matrix satisfy the involution relations [37] 
The introduced monodromy matrices satisfy the intertwining relation
with the rational R-matrix
with the enries
The traces of the monodromy matrices (11)and (15) coinside:
and commute for arbitary complex numbers λ, µ:
In the explicit form:
where M is the number operator (5) and H is the Hamiltonian (8) . It can be checked that
It can be shown that MB(λ) = B(λ)(M + 1), and likewise S 2 B(λ) = B(λ)S 2 . So B(λ) acts as a creation operator for the quasi-particles, while C(λ) is an annihilation operator.
The M-particle state vectors are constructed in the usual fashion for the QIM method
where the vacuum state |Ω S = |0 |S, −S (a|0 = 0; S − |S, −S = 0, with S 2 |S, −S = S(S + 1)|S, −S , and
and is the eigenstate of the operators A, D:
where
In formula 22 a short-hand notation {x} ≡ {λ 1 , λ 2 , . . . , λ M } is used.
In the explicit form the state vector (22) has the form
is the elementary symmetric function [49] . The conjugated M-particle state vectors are equal to
By the construction the state vectors (22) and (26) are symmetric functions of their arguments {λ} ≡ {λ 1 , λ 2 , ..., λ n }. The state vectors (2226) are eigenvectors of the transfer matrix, and thus of the Hamiltonian if {λ} are the roots of the Bethe equations which here take the form, for n = 1, 2, . . . , M,
. Evidently, there are K = min(2S, M) + 1 (modulo the permutation group) sets of solutions of these M Bethe equations. The complex valued roots are pairwise conjugated.
The eigenvalues of the transfer matrix (20):
From the equation (21) we see that the M-particle eigenenergies of the Hamiltonian (8) are equal to:
The ground state of the Hamiltonian (8) corresponds to the minimal value of eigenenergy. The set of solutions of Bethe equations that defines this state will be labeled by σ g : {λ σg }. The form of the Bethe equations drastically depends on the parameter c. In case of vanishing nonlinearity c → 0 the Bethe equations (27) transform to another set of equations (30) , which refers to the well-studied TC-model [38, 39] .
The energy spectrum of the TC-model can be expressed in the following form:
Consider the state vectors constructed by operators (16)
It was proved in [43] that on the solutions of Bethe equations
where for the model under consideration
Note, that from Bethe equations (27) it follows that
In [40] it was proved that Bethe state vectors form a complete orthogonal set
Index σ denotes the independent sets of solutions of Bethe equations (27) , and the summation is over all K sets of solutions.
The scalar product of the Bethe state vectors for M = 1, 2 can be calculated explicitly:
The further straight forward calculation of scalar products for M > 2 is rather difficult because the number of commutation relations, one needs to evaluate in order to get the answer, grows exponentially. To obtain the analytical expression for the correlators for the arbitrary M we shall use the Slavnov's formula for the scalar products [50] [51] [52] . This formula adopted for the model under consideration has the form:
where the entries of the M × M matrix T ({µ}, {λ}) are
It is supposed here and below that {λ} are the solutions of Bethe equations, while {µ} is the set of arbitrary parameters. Functions a(µ), d(µ) are defined in (23) . The square of the norm of the eigenvectors is calculated by the Gaudin formula [39, 44] which is (39) in the limit {µ} → {λ}:
where the entries of the M × M matrix Φ are
The determinant representation (39) may be used in calculation of the transition element of the photon annihilation operator
where {λ} and {λ ′ } are the solutions of Bethe equations (27) for M and M − n particles respectively. Really, notice that from the definition (13) it follows that lim λ→∞ λ −1 C(λ) = a and hence
Replacing the arbitrary parameters {µ} by the solutions of Bethe equations {λ ′ } we obtain the answer for (43) . Denoting
we obtain the following answer
Here set {µ} ≡ {µ 1 , µ 2 , ..., µ M −n } has the length M − n, whereas the set {λ} ≡ {λ 1 , λ 2 , ..., λ M } has the length M. The entries of the M × M matrix T (n) are equal to V ab for a ≤ n and are T ab (40) for a > n, 1 ≤ b ≤ M. To obtain the answer for the transition element (43) we have to change parameters {µ} on the solutions of Bethe equations for M − n particles.
For instance, for n = 1 the answer for the transition element is
where the entries of M × M matrix
To find the transition element of the creation operator one can take the complex conjugation of the transition element of the annihilation operator and obtain:
where the definition (32) and the properties (16), (33) have been used, and λ ′ are the solutions of Bethe equations (27) with M − n particles. The obtained formula allows to express the transition element of the creation operator in the determinantal form: (48) where A * M,n ({µ}, {λ}) is the Complex conjugated coefficient (45) on the solutions of Bethe equations.
The obtained representations for the transition elements (45) and (48) allow us to calculate different n-photon time-dependent correlation functions.
We define the n-photon Green function a n (t)(a † ) n M as the average taken over the M-particle ground state of the model | Ψ S,M ({λ σg }) :
where the sum is taken over K = min(2S, M +n)+1 sets of solutions of Bethe equations (27) for M + n particles λ σ labeled by σ , and the complete orthogonal set (36) of eigenstates of the Hamiltonian (8) was used. Substituting formulas (29) , (34) , (41) and (45) into (49) we obtain the final answer.
The developed technique allows us to calculate different dynamical correlation functions of the considered model and respectively of the TC model in the c → 0 limit.
Time evolution of the atomic inversion
Knowing the projection of the initial state on the state vectors of the model one can obtain the answers for the correspondent dynamical correlation functions. Let us consider the time evolution of the coherent states. Let us assume that in the initial state | Φ 0 the spin system is in the ground state | S, −S (S − | S, −S = 0) and the field is in the coherent state
The time evolution of the initial state can be obtained by application of the evolution operator U(t) = exp(iHt), so we have | Φ(t) = U(t) | Φ 0 . We may use representations (26) and (25) to find the projections of the initial states on the Bethe state vectors:
The evolution of field intensity can be constructed through the complete set of eigenfunctions | Ψ S,M ({λ σ }) :
The summation here is over all sets of solutions of correspondent Bethe equations. Knowing the answer for the field intensity we can find the evolution of atomic inversion applying equality
where M is the number operator (5), and < n >= |α| 2 is the average number of photons in a cavity.
The examples of numerical results for S z (t) for different model parameters are given in the Fig.1 . In sake of simplicity we consider the case when the cavity contains only 3 atoms, so the total spin S changes in the range [− 3 2 , 3 2 ].
In the initial state | Φ 0 =| α | S, −S all the atoms are in ground state. It's evident that the state | Φ 0 is not an eigenstate, so it rapidly decays in time. We see that the collapses and revivals of Rabi oscillations for small coupling constants (c = 0.01) are similar to those of the Jaynes-Cumming model [10] and time of the first revival is proportional to the average number of photons in a cavity t ∼< n >. As the effective coupling constant c increases the revivals become more localized in time, their amplitudes and the time of the first revival decrease because of the dominating role of a Kerr medium. The presence of the detuning affects the form of the revivals for small values of the effective coupling c.
Examples of neat evaluation of the S z (t) are discussed in the next section.
Numerical analysis of the Bethe equations and evaluation of the correlation functions
The solutions of the Bethe equations (27) give us a complete information about the system under consideration. The roots distribution of the Bethe equations (27) and the spectrum for IGTC for the fixed values of parameters c, ∆, S, M are presented in Fig.(2) , and in tables (5,6) of the appendix. The roots distribution of the Bethe equations (30) and the spectrum for TC model for the fixed values of parameters ∆, S, M are presented in Fig.(3) . Solutions of the equations (27) become close to the solutions of the equations (30) , when c → 0. The example of such transformation is presented in fig. 4 , for the solution {λ 1 } which refers to the ground state of the system. We use the iterative approach to the solution of Bethe equations (27) . Within this methods framework it is crucial to choose the correct initial assumption for the roots distribution in the first iteration. The algorithm of finding the correct initial assumption is the following: (I) Solve the equations (30) for ∆ = 0.0, taking the initial assumption in a string form with all roots having the same real part {a ± ib · 1, a ± ib · 2, a ± ib · 3, ...}. By varying the parameters a and b we find the correct initial assumption for equations (30) which do not lead to non-physical solutions containing coinciding roots. (II) Use the solution of the equations (30) as an initial assumption for the equa- tions (27) with small c and ∆ (the optimal step can be found experimentally). (III) Vary c and ∆ slowly until it take the predetermined value.
In the . Note that not all the roots are presented in this figure. A 15,1 ({λ σ ′ }, {λ σ }) and A † 15,1 ({λ σ }, {λ σ ′ }), presented in Tables (3) and (4).
Conclusions
In this paper the QIM approach to the IGTC model was considered. We have obtained the determinant representation for the norm of the Bethe wavefunctions N 
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